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Abstract. A generalized Wigner-Moyal statistical theory of radiation is used to
obtain a general dispersion relation for Stimulated Brillouin Scattering (SBS) driven
by a broadband radiation field with arbitrary statistics. The monochromatic limit is
recovered from our general result, reproducing the classic monochromatic dispersion
relation. The behavior of the growth rate of the instability as a simultaneous function
of the bandwidth of the pump wave, the intensity of the incident field and the wave
number of the scattered wave is further explored by numerically solving the dispersion
relation. Our results show that the growth rate of SBS can be reduced by 1/3 for a
bandwidth of 0.3 nm, for typical experimental parameters.
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1. Introduction
All material substances interact nonlinearly with intense electromagnetic radiation
leading to so-called parametric excitation or parametric instabilities [1–5]. In laser
fusion parametric instabilities such as stimulated Brillouin and Raman scattering,
filamentation and modulational instabilities [1–3] as well as self-focusing and plasma
cavitation [6, 7] are detrimental to the coupling of the laser energy to the plasma.
Stimulated Brillouin and Raman backscatter can result in a large fraction of the laser
energy being scattered back out of the plasma before it reaches the critical surface,
while filamentation of the laser beam creates beam break up resulting in hot spots and
non-uniform illumination. To mitigate the effects of these parametric instabilities the
use of broadband or incoherent lasers are being investigated. The standard treatment
used to investigate these parametric instabilities use a coherent wave description of the
laser which is limited when dealing with a broadband laser.
The use of the Wigner-Moyal statistical theory has proven to be powerful in
studying these instabilities in nonlinear optics [8], demonstrating the stabilization of
the modulational instability, as a result of an effect similar to Landau damping, driven
by random phase fluctuations of the propagating wave. In similar studies [9, 10],
focusing on the onset of the transverse instability in nonlinear media in the presence
of a partially incoherent light, the Wigner distribution was once more confirmed as a
suitable approach. This formalism is particularly well suited for nonlinear optics because
of the validity of the paraxial wave approximation, which justifies a forward propagating
ansatz for the evolution of electromagnetic waves in dispersive nonlinear media.
The Wigner-Moyal statistical approach to wave propagation has also enabled
significant progress in the study of photon Landau damping [11] and photon acceleration
[12–18], where a time-dependent refractive index leads to a change in the frequency of
electromagnetic waves (in contrast to a position-dependent refractive index, which leads
to a change in wave number but not frequency). Both the modulational instability and
photon acceleration have been extended to the study of drift waves interacting with zonal
flows [19–26]. More exotic applications include sea waves [27], magneto-hydrodynamics
[28], dispersive Alfvén waves [29,30] and neutrino-plasma interactions [31–33].
In laser-plasma interactions, in general, the standard Wigner-Moyal formalism is
a limitation, as many critical aspects in ICF, fast ignition and several applications in
laser-plasma and astrophysical scenarios demand a detailed analysis of the backscattered
radiation. Early results on the scattering of electromagnetic waves by turbulent plasma
were obtained by Bingham et al. [34]. In this paper we extend the work of Santos
et al. [35] where stimulated Raman scattering by a broadband pump was investigated
using the Wigner-Moyal statistical approach to the investigation of stimulated Brillouin
scattering.
The inclusion of bandwidth or incoherence effects in laser driven parametric
instabilities has also been studied extensively using various approaches. The addition
of small random deflections to the phase of a plane wave was shown to significantly
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suppress the three-wave decay instability [36], which was one of the first suggestions
of the manipulation of the laser coherence as a way to avoid its deleterious effects.
The threshold values for some electrostatic instabilities can also be effectively increased
either by applying a random amplitude modulation to the laser or by the inclusion
of a finite bandwidth of the pump wave [37, 38]. A new method for the inclusion of
finite bandwidth effects on parametric instabilities, allowing arbitrary fluctuations of
any group velocity, has also been developed [39–44]. As far as Stimulated Raman
Scattering is concerned, it became clear from these earlier works that, although it
may seriously decollimate a coherent laser beam, laser bandwidth is an effective way
to suppress the instability [45]. The effects of laser beam incoherence induced by
“random phase plates” have been studied extensively, and a reduction in the growth
of many instabilities, including stimulated Raman and Brillouin scattering, has been
demonstrated experimentally [46–51].
Mitigation of laser-plasma instabilities through increasing the bandwidth of the
driving laser beam(s) has been investigated by several groups [43, 52–57]. For a
parametric instability with “coherent” growth rate γ0 and an incoherent pump laser
with ∆ω0 & γ0, Pesme et al. [43] use an “incoherent” growth rate γinc = 4γ20/∆ω0.
In theoretical studies [43, 52, 53], a bandwidth of ∆ω0 > 10γ0 or ∆ω0/ω0 ∼ 5% is
often employed. In experimental studies [54–57], ∆ω0/ω0 is typically much smaller,
∆ω0/ω0 < 1%, probably dictated by the properties of the intrinsic bandwidth of the
laser gain medium.
Previous studies have also shown that a formalism that intrinsically describes the
statistical properties of broadband lasers would allow for further theoretical progress
and a systematic study on the control of parametric instabilities by spectral shaping of
the pump laser.
A statistical description of light can be achieved through the Wigner-Moyal
formalism of quantum mechanics, which provides, in its original formulation, a one-
mode description of systems ruled by Schrödinger-like equations. In order to address
other processes apart from the direct forward scattering [58], a generalization of this
Photon Kinetic theory (GPK) was developed in [59]. This new formulation is completely
equivalent to the full Klein-Gordon equation underpinning wave propagation in plasmas
and was readily employed to derive a general dispersion relation for stimulated Raman
scattering driven by white light [35].
In this paper, we focus on the study of the properties of stimulated Brillouin
scattering (SBS) driven by a broadband pump. The suppression of the growth rate
of the instability as a result of the inclusion of bandwidth in the pump wave is
qualitative and quantitatively verified for realistic experimental parameters. For the
sake of completeness, the less standard calculations are detailed in the appendices of
the paper.
This paper is organized as follows. In section 2 , we employ GPK to derive a general
dispersion relation for SBS driven by a spatially stationary field with arbitrary statistics.
We perform a detailed analytical study of different regimes of SBS and compare it with
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classical results for the monochromatic limit of the instability. For the first time, the
whole domain of unstable wave numbers is numerically explored for a wide range of
bandwidth choices. Finally, in section 3, we summarize the main results and state the
conclusions.
2. Broadband Stimulated Brillouin Scattering
We will start first by restating the fluid equation describing the plasma response, and
the dependence of the driving term associated with the radiation on the plasma response
from GPK, generalizing the equivalent result for monochromatic waves derived from the
wave equation for the vector potential. These two equations will then be the basis to
derive the dispersion relation relevant to the scenario under study.
In the following we use normalized units, where length is normalized to c/ωp0,
with c the velocity of light in vacuum and ωp0 = (4πe
2ne0/mec
2)1/2 the electron plasma
frequency, time to 1/ωp0, mass and absolute charge to those of the electron, respectively,
me and e, with e > 0. The plasma is modeled as an interpenetrating fluid of both
electrons and ions, with ne0 and ni0 their equilibrium (zeroth order) particle densities,
respectively. Densities are also normalized to the equilibrium electron density, such that
the nornalized zero-order densities are ne0 = 1 and ni0 = 1/Z, where Z is the electric
charge of the ions in units of e.
Following the procedure outlined by Santos et al. [35], we define the normalized




dkA(k)exp[i(k.r− (k2 +1)1/2t)], where ap = eAp/mec2, (k2 +1)1/2 ≡ ω(k) is the
monochromatic dispersion relation in a uniform plasma, and Ap is the vector potential
of the pump field. We also allow for a stochastic component in the phase of the vector
potential A(k) = Â(k)exp[iψ(r, t)] such that
〈
a∗p(r + y/2, t).ap(r− y/2)
〉
= a20m(y) is
independent of r with m(0) = 1 and |m(y)| is bounded between 0 and 1, which means
that the field is spatially stationary i.e. the phase average of the pump field 〈. . .〉 is
not a function of r. In this section, q̃ denotes the first-order component of a generic
quantity q. Unless specifically stated, the same notation for the functions and their
Fourier transforms is used, as the argument of such functions (either (r, t) or (k, ω))
avoids any confusion. To obtain a dispersion relation for SBS we must couple the
typical plasma response to an independently derived driving term, obtained within the
GPK framework.
2.1. Plasma response and driving term
In our previous work [35], we studied the interaction of partially coherent light with
electron plasma waves, whose (undriven, undamped) dispersion relation is given by
ω2L = 1+(Te/me)k
2
L, with Te the electron temperature, thus covering stimulated Raman
back- and forward scattering, and the relativistic modulational instability. In this work,
we aim to study the interaction of partially coherent light with ion acoustic plasma
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waves, whose (undriven, undamped) dispersion relation is ω(k)2 = (ZTe/M)k
2, with M
the ion mass. This allows us to study stimulated Brillouin back- and forward scattering,
in both the weakly and strongly coupled regimes. We consider a fluid model for the
plasma ion response to the ponderomotive force of the driving laser beam.
Combining the continuity and conservation of momentum equations for each species
and closing the system with an isothermal equation of state for the electrons, we can
readily present without more details the plasma response to the propagation of a light
wave ap, beating with its scattered component ã, to produce the ponderomotive force











ZTe/M is the ion sound velocity and ν̃ an integral (damping) operator
whose Fourier transform is ν|kS|cS. Other models for the plasma response e.g. with
more sophisticated descriptions of ν̃ can be easily included in our analysis.
We now need to describe how the incident pump wave and scattered radiation
interact with the plasma. In standard formulations, the starting point is the wave
equation for the vector potential with the corresponding source term given by the
current associated with the plasma perturbations [2–4, 68]. In our approach, we derive
the dependence of the driving term Re[ap.ã] on the plasma perturbation, using GPK.
For the sake of completeness the derivation is given in Appendix A. The driving term



















where WRe[ap.ã] represents the spatial and temporal Fourier transform of the Wigner
function of Re [ap.ã]. We observe that Wf ≡ Wf (r,k, t), and thus the Fourier transform
is Wf (kS,k, ωS), and ωS and kS represent the frequency and wave vector of the ion












we recall that ω is a function of k via the linear dispersion relation ω(k)2 = (ZTe/M)k
2.
2.2. General dispersion relation for Stimulated Brillouin Scattering and classical
monochromatic limit
We can now perform temporal and spatial Fourier transforms on the plasma response









which can now be used with Eq.(2). Taking advantage of one of the properties of the





dk = 1 (4)
Bandwidth effects in stimulated Brillouin scattering 6
























Z/M is the ion plasma frequency (in normalized units) and f ∗ represents
the complex conjugate of f .
By making an appropriate change of variables, our general dispersion relation can


















with D±(k) = [ω(k) ± ωS]2 − (k ± kS)2 − 1. Equation (6) is the main result of this
section. We observe that, given the statistical properties of the pump field, it is possible
to evaluate Eq. (6). This general dispersion relation can also be used to understand
how spectral shaping can modify and mitigate Stimulated Brillouin Scattering.
We first apply our general dispersion relation to the simple and common case of a
pump plane wave of wave vector k0, which means that ρ0(k) = a
2
0δ(k − k0). With the
purpose of the following comparisons, we drop the contribution of the damping term



















This result recovers the dispersion relation of Refs. [2–4,65], obtained for a coherent
pump wave AS = AL0 cos(k0.r − ω0t), if we account for the difference in polarization
and use ω0 = ω(k0). All the conclusions derived in Ref. [2–4], based on this dispersion
relation, are then consistent with the predictions of GPK [59].
2.3. 1D water-bag zero-order photon distribution function
The full power of GPK becomes evident for broadband pump wave fields, where
analytical results are not possible based on the standard formlism. In order to illustrate
the consequences of broadband light, we consider a one-dimensional water-bag zero-




[θ(k − k0 + σ1)− θ(k − k0 − σ2)], (8)
where θ(k) is the Heaviside function and σ1 (σ2) represents the spectral bandwidth to
the left (right) of the central wave number, k0.
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A simplified dispersion relation for the water-bag distribution function of Eq. (8)






























[k0 + (−1)iσi]2 + 1, D±i = ω2S − k2S ± 2[(k0 + (−1)iσi)kS − ω0iωS],
Q0 = (k
2




i + (kS − ωS)(ωS ∓ 2ω0i)] and b± =
2k2S(ωS + kS)
√
Q0(2σ̄ + ω01 − ω02)/ [Q0k2S −Q±(ωS + kS)2].
We are interested in the maximum growth rate of SBS. Analytical results can be
obtained in the case where all the photons of the distribution propagate in an underdense
medium, which implies that k0 + (−1)iσi  1. This also guarantees that k0 > σ1,
which assures that ρ0(k) represents a broadband (pump) source of forward propagating
photons, as expected. From this condition, the approximations ω0i ≈ k0 + (−1)iσi and
b± ≈ 0 are also valid.













2(k0 − σ1) + (ωS + kS)





2(k0 + σ2)− (ωS + kS)




In the weak coupling limit, a20  2cSkSω0c2S/ω2pi, the dispersion of the plasma mode
almost fully coincides with the ideal dispersion of an ion-acoustic plasma wave. The
resonance condition for SBS can then be expressed as ωS ∼ kScS, with cS  1 [2–4].
Furthermore, the backscattering regime of stimulated Brillouin scattering (SBBS) is
known to provide the highest growth rates [2–4], so we consider one of the terms
D+i resonant (corresponding to the contribution of the downshifted photons of the
distribution function). By making the D+1 term resonant (D
+
1 = 0 ⇒ kmLSBBS ≈
2(k0 − σ1)/(1 + cS)), we are considering the contribution of the photons of the lowest
wave number, while with D+2 (D
+
2 = 0⇒ kMLSBBS ≈ 2(k0 +σ2)/(1+cS)) we are searching
for those of the highest wave number. This means that kS is of the order of k0 and the











We consider the upper limit case (as we will later see, the growth rate of the
instability is within the same order of magnitude for the whole range of unstable wave
numbers) and we note that ωS ∼ kScS, with cS  1, implies that both ωS  kS and
ωS  k0.
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To determine the growth rate of the instability in the weak coupling limit, we now
write ω ≈ kScS + iΓ, with Γ being the real growth rate of the instability and |Γ|  kScS.

















2(k0 − σ1) + (ωS + kS)
2(k0 − σ1)− (ωS + kS)
2(k0 + σ2)− (ωS + kS)
2(k0 + σ2) + (ωS + kS)
≈
≈ 2k0 − σ1 + σ2





We now take the imaginary part of the dispersion relation, working with a real Γ













With this result we are now able to compare our results for backscattering with those
of Refs. [2–4]. We found kmLSBBS ≈ 2(k0−σ1)/(1 + cS) and k
M
LSBBS
≈ 2(k0 +σ2)/(1 + cS),




2k0/(1+cS) ≈ 2k0(1−cS) ≈ 2k0−2ω0cS, because ω0 ≡ ω01(σ1 = 0) = ω02(σ2 = 0) ≈ k0,
where we assume that the ion acoustic velocity is much smaller than the speed of light,
cS  1. This recovers the result of Refs. [2–4] for the wave number that maximizes the
growth rate.
To determine the maximum growth rate in the weak coupling (wf ) scenario, we







which also coincides with the monochromatic result in Refs. [2–4] if we consider the
already discussed correction for the polarization.
We now go back to the general case of Eq. (15) and work in the opposing limit,


























We now consider the strong coupling limit, i.e., we assume that |ωS|  kScS, which




pi [2–4]. We work in the underdense limit, as in the
weak coupling case, so that the range of unstable wave numbers still holds and we use
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kS ≈ 2(k0 + σ2) as the wave number for maximum growth, which means that kS is still
of the order of k0. We also neglect |ωS| when compared to k0, which establishes the
scale kScS  |ωS|  kS ≈ k0, consistent with cS  1. This means that we are not
neglecting the magnitude of the imaginary part of ωS when compared to its real part.
We now expand ωS = α + iβ, with real α and β and |α|, |β|  kScS, so that the



















which is, once more, the result presented in Refs. [2–4] with the usual polarization














2.4. Numerical solution of the complete dispersion relation
We now examine the numerical solution of the complete dispersion relation in order to
illustrate the evolution of the strength of the instability as a function of, not only the
bandwidth, but also the wave number of the scattered wave itself.
In Fig. 1 we show the maximum growth rate of the Brillouin instability as a
function of the bandwidth parameter, σ2, with σ1 kept fixed. As expected, Eq. (17) is
a good approximation to the complete solution only when we are dealing with large
bandwidths. The difference between the approximate and the numerical solutions
increases as bandwidth (σ2) decreases. As σ2 approaches k0, the results start to agree
and Eq. (17) can be used. As we approach the monochromatic limit, only the numerical
solution should be considered, as the choice of σ1 = 0.1k0 still accounts for a considerable
difference between Γmax(σ2 = 0) and the maximum growth rate in the monochromatic
limit, Γmax(σ1, σ2 = 0), expressed by Eq. (16). It is clear that a bandwidth as small as
10% can still cause a reduction of the growth rate of the instability by a factor of more
than 100, which is significant.
Fig. 2 shows the same results for the case of σ2 ≈ 0. As in the previous case, the
approximation of Eq. (17) agrees with the numerical solution as σ2 approaches k0. The
monochromatic limit of Eq. (16) can also be confirmed at the origin of the plot, as
expected.
We now study the behavior of the growth rate of the instability as a function of
the wave number of the scattered wave. In Fig. 3, we plot the growth rate for a set
of bandwidths and express it as a function of the wave number of the instability. We
observe a very good agreement with the range of unstable wave numbers predicted by
Eq. (12). The lower limit does not depend on σ2 and remains fixed as we increase
bandwidth; as for the upper bound, it linearly grows as we increase the value of σ2.
We should also note that the flat structure observed indicates that the magnitude
of the growth rate is within the same order for the full range of unstable wave numbers,
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Figure 1. Maximum growth rate of SBBS as a function of bandwidth - a0 = 0.1,
k0 = 80.0, σ1 = 0.1k0, cS = 0.01, ωpi = 0.1. Red line - numerical solution; blue line -
analytical limit for Γ (σ1 + σ2) of Eq. (17)
Figure 2. Maximum growth rate of SBBS as a function of bandwidth - a0 = 0.1,
k0 = 80.0, σ1 ≈ 0, cS = 0.01, ωpi = 0.1. Red line - numerical solution; blue line -
analytical limit for Γ (σ1 +σ2). In the inset the growth rate is shown for the regime
where σ2/k0  1










Figure 3. Growth rate of SBBS as a function of the wave number of the scattered
wave for different bandwidths of the water-bag (from the left to the right: σ2 =
0.1k0, 0.2k0, 0.3k0, 0.4k0, 0.5k0, 0.6k0, with a0 = 0.1, k0 = 80.0, σ1 ≈ 0, cS = 0.01 and
ωpi = 0.1)
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Figure 4. Growth rate of SBBS as a function of the wave number of the scattered
wave and the bandwidth of the water-bag: a0 = 0.1, k0 = 80.0, σ1 ≈ 0, cS = 0.01,
ωpi = 0.1 (2D representation). The red lines illustrate the theoretical range of unstable
wave numbers
meaning that the instability can grow on a wide range of wave numbers and lead to a
significant level of ion acoustic turbulence. This is valid for relatively small bandwidths,
as it is clear for σ2 > 0.1k0.
In Fig. 4, the variation of the growth rate of SBBS as a continuous function of
both the bandwidth of the pump and the instability wave number allows for a global
picture of the instability. As expected, we observe a strong dependence of the instability
on the bandwidth of the radiation used as a driver. For a bandwidth of just 1% in k0,
the instability is already reduced to 10% of the plane wave limit, which justifies the
use of bandwidth as a means of significantly mitigating or reducing the growth of the
instability.
For fixed k0, a0 and σ1, the growth rate for SBBS scales with ∝ 1/σ2, similarly
to other distribution functions (e.g., asymmetric Lorentzian or Gaussian distribution of
photons [35]). Both the wave number for maximum growth and the upper bound of the
unstable wave numbers domain depend linearly on σ2.
3. Conclusions
A general dispersion relation for stimulated Brillouin scattering, driven by a partially
coherent pump field, has been derived, using the GPK formalism [35] which is formally
equivalent to the coupling of the full wave equation with the plasma fluid equations.
After having retrieved the monochromatic limit of the equation, we have used a one-
dimensional water-bag profile for the incident field to model broadband effects. The
analysis has revealed a growth rate dependence on the coherence width σ of the radiation
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field which scales with 1/σ typical of 3-wave processes [35]. Numerical estimates of the
growth rate of the instability have been obtained as a function of the intensity of the
incident field and the wave number of the scattered wave, confirming the theoretical
predictions for the domain of unstable wave numbers.
The possibility of an accurate estimate of the growth rate of the instability, for
a wide range of parameters, not only stresses the important role of bandwidth in
the suppression of the instability, but also motivates an exploration of other photon
distributions and a comparison with particle-in-cell simulations.
In this paper, we have focused on the backscattering regime of SBS, but the
general dispersion relation we have derived (Eq. (6)) may be readily applied to different
regimes. A detailed comparison with previous models for SBS pumped by a wave with
finite bandwidth [66–70] can then be performed and will be presented in the future,
along with particle-in-cell simulations of parametric instabilities pumped by broadband
radiation [71]. A prediction of the suppression of SBS by the experimental mechanism
of polarization smoothing [72] or from other spectral distribution [52] can also be be
readily obtained through GPK and will be explored in future works.
An oft-used method to increase the spectral bandwidth of a high-power laesr beam is
spectral dispersion via random phase plates [46]. One of the issues with longitudinal and
transverse smoothing by spectral dispersion on coherent laser beams is the creation of
amplitude modulation resulting in enhanced intensity regions, seen as an adverse effect.
A numerical study of beam smoothing by phase modulation on stimulated Brillouin
scattering on the Laser Mégajoule (LMJ) facility has been carried out [73, 74] and a
pathway to a reduction of the amplitude modulation was demonstrated. Although it
was shown that the effect can be reduced with the particular beam composition in
LMJ, it is not obvious that this would be the case for all architectures and therefore the
preferred route would be to develop broadband lasers from the outset.
Future laser drivers for inertial confinement fusion such as StarDriver [75] aim to
control both laser plasma instabilities and hydrodynamic instabilities by using multiple
beamlets with bandwidths in the range 2%-10%. Lasers with bandwidths of 2% and
repetition rates of 10Hz are already becoming available using Neodymium phosphate
glass [75] and it is anticipated that this can be increased by using a range of laser
gain media, such as a selection of Nd:Glass media based on phosphates, silicates and
fluorides. Addition of other gain media such as Yb or Er glasses can potentially
produce bandwidths up to 10% [75]. In this paper and our previous paper, where
the GPK formalism was used to study bandwidth effects on Raman scattering [35],
we demonstrated that lasers with bandwidths in this range significantly diminish the
growth rate of both stimulated Brillouin and Raman backscatter.
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Appendix A. Derivation of the driving term using Generalized Photon
Kinetics
The GPK derived in Ref. [35] can deal with the two mode problem, describing the
radiation field a by two auxiliary fields φ, χ = (a± i∂ta)/2, thus allowing for a formally
equivalent representation of the full wave equation in terms of two coupled Schrödinger
equations for the auxiliary fields. With the introduction of four real phase-space densities
W0 = Wφφ −Wχχ (A.1)
W1 = 2Re[Wφχ] (A.2)
W2 = 2Im[Wφχ] (A.3)
W3 = Wφφ +Wχχ (A.4)
and the usual definition for the Wigner transform
















exp(ik · y)dy (A.5)
as in Refs. [61–64], the coupled equations for φ, χ (and, therefore, the complete Klein-
Gordon equation) are shown [59] to be equivalent to the following set of transport
equations for the Wi, i = 0, ..., 3
∂tW0 + L̂(W2 +W3) = 0 (A.6)
∂tW1 − Ĝ(W2 +W3)− 2W2 = 0 (A.7)
∂tW2 − L̂W0 + ĜW1 + 2W1 = 0 (A.8)
∂tW3 + L̂W0 − ĜW1 = 0 (A.9)
with the following definition for the operators L̂ and Ĝ






















where the arrows denote the direction of the operator and the trigonometric functions
represent the equivalent series expansion of the operators.
We first evaluate the zeroth order terms of each Wi, i = 0, ..., 3, so we use a = ap.
















[1− ω2(k)] = −ρ0(k)
4
k2 (A.14)
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where ρ0(k) ≡ Wap.ap can be interpreted as the equilibrium distribution function of the
photons.









































where we have taken into account the reality conditions of the Wigner function [61–64].
We now explore the first order perturbative term of the transport equations (A.6)-
(A.9), as the zeroth order terms provide no new information: they are either trivial or
equivalent to the dispersion relation for plane circularly polarized monochromatic waves
in a uniform plasma, ω(k) = (k2 + 1)1/2. The first transport equation yields, in first
order,







ρ0(k) = 0 (A.19)
We now perform time and space Fourier transforms (∂t → iωS,∇r → −ikS),
leading to






ρ0(k) = 0 (A.20)
We note that we can write sin Â = [exp(iÂ)− exp(−iÂ)]/(2i), for any operator Â.






f(k) = f(k + A) (A.21)
The first transport equation can then be reduced to
















We proceed analogously with the other three transport equations, leading to a
system of four independent first order equations for the four variables W̃i.
We also note that
W2 +W3 = Wφφ +Wχχ + 2Re[Wφχ] = Wa.a





3 = Wap.ap = ρ0(k) (A.23)
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In first order,
W̃2 + W̃3 = Wap.ã +Wã.ap = 2Wap.ã (A.24)
where we have used the simmetry property of the Wigner distribution function that can
be immediately derived from its realness (Wf.g = Wg.f).
We are only interested in a real electron density, so we take the real part of the
right-hand side of the plasma response equation. Similarly, we write
W̃2 + W̃3 = 2WRe[ap.ã] (A.25)
We solve this equation together with the four independent equations for each W̃i.




























S − k2S + 4(k.kS)2/ω2S − 4
(A.27)
The expression for D∓s can be greatly simplified:
D±s =









































Appendix B. Dispersion relation derivation for the one-dimensional
water-bag distribution function
Let ρ0(k) = a
2
0[θ(k − k0 + σ1) − θ(k − k0 − σ2)]/(σ1 + σ2), where θ(k) is the Heaviside


















with D±(k) = [ω(k)± ωS]2 − (k ± kS)2 − 1, and cS =
√
ZTe/M .
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2kSy + 2k0kS − (k2S − ω2S)− 2ωS
√
(y + k0)2 + 1
−
− 1
2kSy + 2k0kS + (k2S − ω2S)− 2ωS
√









y + b± + k
√
(y + a)2 + 1
dy (B.3)
with b± ≡ k0 ± (ω2S − k2S)/(2kS), k ≡ −ωS/kS and a ≡ k0.
We start with the substitution
√
(y + a)2 + 1 = y + t, from which we obtain:
y =






−4t(t− a)− 2(a2 + 1− t2)
4(t− a)2
,√
(y + a)2 + 1 =




The integral becomes∫ √(a+σ2)2+1−σ2
√
(a−σ1)2+1+σ1
−4t(t− a)− 2(a2 + 1− t2)
2(t− a) [(a2 + 1− t2) + 2(t− a)b± + k(1 + (t− a)2)]
dt (B.5)







z[(k + 1) + 2(b± − a)z + (k − 1)z2]
dz (B.6)
The problem has now been reduced to the computation of an integral of a rational






(k2 − 1)− (a− b±)2
arctan
[
−(a− b±) + (k − 1)z√













If we define the quantity Q0 ≡ (k2S − ω2S)(k2S − ω2S + 4) and recall the property
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where L1 ≡
√
(k0 − σ1)2 + 1− (k0 − σ1) and L2 ≡
√
(k0 + σ2)2 + 1− (k0 + σ2).
We now study the terms of the integral one by one. The second term (I±2 ) may be
neglected as the contributions for the dispersion relation exactly cancel (the term does
not depend on b± ⇒ I+2 = I−2 ). As for the third term, we write the argument of the
logarithm, with s = ±1, as
−(kS + ωS)z2 − s(k2S − ω2S)z + (kS − ωS) = −(kS + ωS)(z − z01)(z − z02), (B.9)
where z01 and z02 are the roots of the argument and s = +1 for b
+ (first contribution)




















































































where Zi ≡ ω0i − [k0 + (−1)σi].
We focus on each fraction individually and write them as in the following example
2[ω02 − (k0 + σ2)](kS + ωS) + (k2S − ω2S) +
√
Q0






where A1,2 ≡ ∓(ω2S−k2S)+2ω02ωS−2(k0+σ2)kS and B1,2 ≡ 2ω02kS−2(k0+σ2)ωS±
√
Q0.




2[ω02 − (k0 + σ2)](kS + ωS) + (k2S − ω2S) +
√
Q0





−(ω2S − k2S) + 2ω02ωS − 2(k0 + σ2)kS



















where D±2 = ω
2
S − k2S ± 2[(k0 + σ2)kS − ω02ωS].
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Proceeding similarly with the second group of two fractions, the total contribution
to the dispersion relation is













D±i ≡ ω2S − k2S ± 2[(k0 + (−1)iσi)kS − ω0iωS]. (B.16)











±(k2S − ω2S) + 2(kS + ωS)[ω01 − (k0 − σ1)]√
Q0
]} (B.17)
We make use of the property arctanh(x)− arctanh(y) = arctanh[(x− y)/(1− xy)]
and write σ̄ = (σ1 + σ2)/2, so the contribution becomes
I+3 − I−3 =
2ωSkS√
Q0




Q0(2σ̄ + ω01 − ω02)





[D±i + (kS − ωS)(ωS ∓ 2ω0i)]. (B.20)































[k0 + (−1)iσi]2 + 1, Q0 = (k2S − ω2S)(k2S − ω2S + 4), and D±i , Q± and
b± as given above.
Appendix C. Derivation of the growth rate in the strong coupling limit
For small values of a0, i.e. a
2
0  2cSkSω0c2S/ω2pi, the instability growth does not influence
the magnitude of ωS much, and we can write ωS = cSkS + iΓ with |Γ|  cSkS. However,




pi, the instability growth strongly modifies the dispersion of the
ion-acoustic wave, and the magnitude of ωS [2–4]. For this case, we write ωS = α + iβ
for real α and β with both |α|, |β|  cSkS.
We work in the underdense limit as in the weak coupling case, so that the range of
unstable wave numbers still holds and we use kS ≈ 2(k0 + σ2) as the wave number for
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maximum growth, which means that kS is still of the order of k0. We also neglect |ωS|
when compared to k0, which establishes the scale kScS  |ωS|  kS ≈ k0, consistent
with cS  1. This means that we are not neglecting the magnitude of the imaginary
part of ωS when compared to its real part.











(2k0 − σ1 + σ2) [α2 + β2 + 2α(σ1 + σ2) + i2β(σ1 + σ2)]
2(k0 + σ2)
[
(α + 2(σ1 + σ2))
2 + β2
] } (C.1)
We need both the real and imaginary parts of this equation, from which we obtain









α2 + β2 + 2α(σ1 + σ2)
]
(C.2)








(2k0 − σ1 + σ2)
[
(α2 + β2 + 2α(σ1 + σ2))
2
+ (2β(σ1 + σ2))
2
]1/2
2(k0 + σ2) [(α + 2(σ1 + σ2))2 + β2]

(C.3)
These equations can be numerically solved for α and β to obtain he maximum
growth rate Γ = Im(ωS) = β. However, we focus on the plane wave limit and analytically
derive the maximum growth rate of SBBS, for which we have a classical result [2–4].
The equation for the imaginary part becomes






where we have used arctanx ∼ x when x→ 0.
The equation for the real part is more complicated and we work under the conditions
σ1 = 0 and σ2 → 0. Neglecting terms of O(σ22) in the arguments of the logarithms, the
following approximation for the equation is valid









where we have used the expansion ln(1 + x) ∼ x for x→ 0.
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